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a b s t r a c t
In this paper, a local Lagrange interpolation set for a bivariate quintic superspline space
defined on the triangulation 4DCT is constructed, where 4DCT can be gained through
refining certain triangles in an arbitrary regular triangulation4 by double Clough–Tocher
refinements.
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1. Introduction
Let4 be a regular triangulation of a connected polygonal domainΩ , i.e., a finite set of closed triangles such that any two
different triangles intersect only at a common vertex or along a common edge. Define the space of bivariate splines
Srd(4) := {s ∈ C r(Ω) : s|T ∈ Pd,∀T ∈ 4}, (1)
where Pd is the space of bivariate polynomials of total degree being at most d.
Let4R be a refinement of4 and S be a subspace of Srd(4R). Consider the Lagrange interpolation problem for S: to find a
set of points {ξi}Mi=1 such that for every choice of the data {zi}Mi=1, there is a unique spline s ∈ S satisfying
s(ξi) = zi, i = 1, 2, . . . ,M. (2)
We call P := {ξi}Mi=1 a Lagrange interpolation set for S, and S and P a Lagrange interpolation pair.
We generally hope that the Lagrange interpolation set is local, in other words, the related Lagrange fundamental splines
defined in [1] have local supports. In [2], Nürnberger and Zeilfelder constructed a local Lagrange interpolation set for
S12(4PS1), where 4PS1 is the refining triangulation of Powell–Sabin type (I). In [3], Nürnberger, Zeilfelder and Schumaker
constructed a local Lagrange interpolation set for S13(4Q ), where4Q is a kind of triangulated convex quadrangulations. In [4],
Nürnberger and Zeilfelder used a coloring algorithm to divide all the triangles in4 into two kinds: white triangles and black
triangles, and got a new triangulation 4CT through refining all the white triangles by the Clough–Tocher refinement, then
gave a local Lagrange interpolation set for S13(4CT ). For r = 2, Nürnberger et al. constructed a local Lagrange interpolation
set for S27(4CT ), where the4CT is the triangulation by refining some of triangles in4with the Clough–Tocher split; see [5].
In this paper, by using the same black and white coloring algorithm as [4], we shall first color all the triangles in
an arbitrary regular triangulation 4 and get 4DCT by refining some white triangles with the double Clough–Tocher
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refinement [6]. Then we consider the local Lagrange interpolation using a spline space S ⊂ S2,35 (4DCT ) and construct a
Lagrange interpolation pair on4DCT .
2. Preliminaries
Given a regular triangulation 4, let V , E , N , EI , EB, VI and VB be the sets of vertices, edges, triangles, interior edges,
boundary edges, interior vertices and boundary vertices in4, respectively.
For each triangle T := 〈v1, v2, v3〉, the corresponding polynomial piece s|T can be written in the Bernstein–Bézier form
s(x, y)|T := s(α, β, γ )|T :=
∑
i+j+k=d
cTijkB
d
ijk(α, β, γ ), (3)
where
Bdijk(α, β, γ ) :=
d!
i!j!k!α
iβ jγ k, i+ j+ k = d
are the Bernstein polynomials of degree d with (α, β, γ ) being the barycentric coordinates of (x, y) with respect to T . As
usual, we identify the Bernstein–Be´zier coefficients {cTijk}i+j+k=d with the set of domain points DT := {ξ Tijk := (iv1 + jv2 +
kv3)/d}.
Given an integer 0 ≤ m < d, we set
RTm(v1) := {ξ Tijk : i = d−m},
DTm(v1) := {ξ Tijk : i ≥ d−m},
and associated with the edge e := 〈v2, v3〉, we let
ETm(e) := {ξ Tijk : i ≤ m}. (4)
We recall that the ring of radiusm around v1 is the set
Rm(v1) :=
⋃
{RTm(v1) : T has a vertex at v1}, (5)
and the disk of radiusm around v1 is the set
Dm(v1) :=
⋃
{DTm(v1) : T has a vertex at v1}. (6)
Now we recall some notation introduced in [7]. Suppose that T := 〈v1, v2, v3〉 and T := 〈v4, v3, v2〉 are two adjoining
triangles sharing the oriented edge e := 〈v2, v3〉, and let
s|T :=
∑
i+j+k=d
cijkBdijk, s|T :=
∑
i+j+k=d
c ijkB
d
ijk. (7)
Given integers 0 ≤ n ≤ j ≤ d, let τ nj,e be the linear functionals defined on S0d (4) by
τ nj,es := cn,d−j,j−n −
∑
µ+ν+κ=n
cν,µ+j−n,κ+d−jB
n
νµκ(v1), (8)
which are called smoothness functionals of order n.
According to [7], a spline s ∈ Srd(4) if and only if τ nm,es = 0 for all n ≤ m ≤ d, 0 ≤ n ≤ r , e ∈ EI . Meanwhile, we
can define more general spline spaces STd (4) := {s ∈ S0d (4) : τ s = 0, τ ∈ T }, where T is the set of some smoothness
functionals defined on the oriented edges.
3. C2 macro-elements and their minimal determining sets
In this section, we construct several C2 three-sided and four-sided macro-elements for bivariate superspline spaces
of degree 5 and smoothness 2 associated with double Clough–Tocher splits. As regards the various other spline macro-
elements, see a survey introduction by Lai and Schumaker [8].
3.1. Three-sided macro-elements
Let T := 〈v1, v2, v3〉 be a triangle in4; we consider three cases depending on how many edges of T lie on the boundary
∂Ω ofΩ .
First, we assume that no edge of T lies on ∂Ω . Let u4 := 13 (v1 + v2 + v3) be the barycenter of T ; connecting u4 with
every vertex of T , we can get three sub-triangles. In the same way, let u1 := 13 (u4 + v1 + v2), u2 := 13 (u4 + v2 + v3)
and u3 := 13 (u4 + v1 + v3) be the barycenters of these sub-triangles respectively; connecting ui (i = 1, 2, 3) with every
vertex of corresponding sub-triangles, we can get the so-called double Clough–Tocher refinement TDCT of T which was first
introduced by Alfeld in [6]. Let Ti := 〈ui, vi, vi+1〉 (i = 1, 2), T3 := 〈u3, v3, v1〉.
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Fig. 1. A MDSM for S2,35 (TDCT ) in Lemma 1, where domain points inM are marked with black dots.
Fig. 2. A MDSM for S(TDCT ) in Lemma 2, where domain points inM are marked with black dots, and the special smoothness conditions are marked with
arrowheads.
Lemma 1 ([7]). Define the spline space
S2,35 (TDCT ) := {s ∈ S25(TDCT ) : s is C3 across all edges attached to u4}. (9)
Then dim S2,35 (TDCT ) = 27, and the set M of the following domain points is a minimal determining set for S2,35 (TDCT ):
(1) all the domain points in DTi2 (vi), i = 1, 2, 3,
(2) ξ Ti221, ξ
Ti
212, ξ
Ti
122, i = 1, 2, 3. (See Fig. 1.)
We now assume that exactly one edge of T lies on ∂Ω . We suppose that e := 〈v1, v3〉 is the edge on ∂Ω .
Lemma 2. Let S(TDCT ) be the subspace of S2,35 (TDCT ) satisfying the following additional smoothness conditions:
(a) τ 35,〈u1,v1〉s := 0,
(b) τ 33,〈v1,u3〉s := 0, τ 33,〈v3,u2〉s := 0.
Then dim S(TDCT ) = 24, and the set M of the following domain points is a minimal determining set for S(TDCT ):
(1) all the domain points in DTi2 (vi), i = 1, 2, 3,
(2) ξ Ti221, ξ
Ti
212, ξ
Ti
122, i = 1, 2.
Proof. Suppose that we set the coefficients cξ of s ∈ S(TDCT ) to zero for all ξ ∈M; then we claim that all other coefficients
must be zero. First by the C2 smoothness conditions, all coefficients corresponding to domain points in D2(vi) (i = 1, 2, 3)
must be zero. Nowwe consider the coefficients corresponding to domain points in R3(v1). From Fig. 2, we can see that there
are nine coefficients of s possibly nonzero; we denote them by ai, i = 1, 2, . . . , 9, in counterclockwise order. By the C3
smoothness conditions on the edge 〈v1, u4〉, the C2 smoothness conditions on edges 〈v1, u1〉 and 〈v1, u3〉, and the special
smoothness conditions τ 35,〈u1,v1〉s = 0 and τ 33,〈v1,u3〉s = 0, the following equations hold:
0 1 −3 1 0 0 0 0 0
1 0 −9 6 −1 0 0 0 0
0 0 27 −27 9 −6 0 0 0
0 0 0 0 3 −5 3 0 0
0 0 0 9 0 −25 30 −9 0
0 0 27 0 0 −125 225 −135 27
0 0 0 0 0 0 0 1 −3
0 0 0 0 0 0 1 −6 9
0 0 0 0 0 1 −9 27 −27


a1
a2
a3
a4
a5
a6
a7
a8
a9

=

0
0
0
0
0
0
0
0
0

. (10)
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Fig. 3. AMDSM for S(QDCT ) in Lemma 4, where domain points inM are marked with black dots, and the special smoothness conditions are marked with
arrowheads.
This leads to ai = 0, i = 1, 2, . . . , 9. Similarly, there are eight coefficients of s corresponding to domain points in
R3(v3) possibly nonzero, denoted by bi, i = 1, 2, . . . , 8, in counterclockwise order. By the C3 smoothness conditions on
the edge 〈v3, u4〉, the C2 smoothness conditions on the edges 〈v3, u2〉 and 〈v3, u3〉, and the special smoothness condition
τ 33,〈v3,u2〉s = 0, the following equations hold:
27 −27 9 −1 0 0 0 0
3 −1 0 0 0 0 0 0
9 −6 1 0 0 0 0 0
0 0 3 −5 3 0 0 0
0 9 0 −25 30 −9 0 0
27 0 0 −125 255 −135 27 0
0 0 0 0 0 1 −3 1
0 0 0 0 1 −6 9 0


b1
b2
b3
b4
b5
b6
b7
b8

=

0
0
0
0
0
0
0
0

. (11)
It is easy to see that bi = 0, i = 1, 2, . . . , 8. Then according to Lemma 1, all coefficients of s corresponding to domain
points in T must be zero. Thus, M is a determining set for S(TDCT ), and dim S(TDCT ) ≤ |M| = 24. Moreover, because
dim S(TDCT ) ≥ dim S2,35 (TDCT ) − 3 = 24, we can conclude thatM is a minimal determining set for S(TDCT ). The proof is
completed. 
When two edges of T lie on ∂Ω , we do not refine T in any way.
Lemma 3. Let the spline space ST = P5; then dim ST = 21, and the set M of all the points in T is a minimal determining set for
ST .
3.2. Four-sided macro-elements
Let T := 〈v1, v2, v3〉 and T := 〈v1, v3, v4〉 be two adjacent triangles and Q := T ∪ T . There are four cases depending
on how many edges of Q lie on ∂Ω . Our first result concerns the case where no edge of Q lies on ∂Ω . We consider the
double Clough–Tocher refinement QDCT of Q , where u4 and w4 are respectively the barycenters of T and T , ui (i = 1, 2, 3)
are respectively the barycenters of three sub-triangles in T , wi (i = 1, 2, 3) are respectively the barycenters of three sub-
triangles in T ; see Fig. 3.
Let Ti := 〈ui, vi, vi+1〉 (i = 1, 2), T3 := 〈w2, v3, v4〉 and T4 := 〈w3, v4, v1〉, and define the space
S2,35 (QDCT ) := {s ∈ S25(QDCT ) : s is C3 across all edges attached to u4 orw4}.
Lemma 4. Let S(QDCT ) be the subspace of S2,35 (QDCT ) determined by the following additional smoothness conditions:
(a) τ 35,〈u1,v1〉s := 0,
(b) τ 33,〈v1,u3〉s := 0, τ 33,〈v3,u2〉s := 0.
Then dim S(QDCT ) = 36, and the set M of the following domain points is a minimal determining set for S(QDCT ):
(1) all the domain points in DTi2 (vi), i = 1, 2, 3, 4,
(2) ξ Ti221, ξ
Ti
212, ξ
Ti
122, i = 1, 2, 3, 4.
Proof. Suppose that we set the coefficients cξ of s ∈ S(4Q ) to zero for all ξ ∈ M; then we claim that all other
coefficients must be zero. First by the C2 smoothness conditions, all the coefficients corresponding to domain points in
D2(vi) (i = 1, 2, 3, 4)must be zero. Like in the proof of Lemma 2, we can prove that all the unset coefficients corresponding
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Fig. 4. AMDSM for S(QDCT ) in Lemma 5, where domain points inM are marked with black dots, and the special smoothness conditions are marked with
arrowheads.
Fig. 5. AMDSM for S(Q DCT ) in Lemma 6, where domain points inM are marked with black dots, and the special smoothness conditions are marked with
arrowheads.
to domain points in T must be zero. By the C2 smoothness conditions across the edge 〈v1, v3〉, we see that coefficients
corresponding to domain points ξ 〈w1,v1,v3〉212 , ξ
〈w1,v1,v3〉
122 , ξ
〈w1,v1,v3〉
221 are also zero. Then according to Lemma 1, the coefficients
corresponding to domain points in T are all zero. Thus,M is a determining set for S(QDCT ), and dim S(QDCT ) ≤ |M| = 36.
Now we consider the space S2,35 (QDCT ). According to Theorem 8.1 in [7], we have dim S
2,3
5 (QDCT ) ≥ 39; then according to
Lemma 1, it can be easily proved that dim S2,35 (QDCT ) ≤ 39, and therefore, dim S2,35 (QDCT ) = 39. Moreover, our space S(QDCT )
is a subspace of S2,35 (QDCT ) satisfying the additional three smoothness conditions, so dim S(QDCT ) ≥ dim S2,35 (QDCT )−3 = 36.
This means thatM is a minimal determining set for S(QDCT ). The proof is completed. 
Our next lemma concerns the case where exactly one edge of Q lies on ∂Ω; we assume that e := 〈v1, v4〉 is the edge on
∂Ω . The definitions of ui,wi, Ti (i = 1, 2, 3, 4) are the same as those in Lemma 4.
Lemma 5. Let S(QDCT ) be the subspace of S2,35 (QDCT ) determined by the following six smoothness conditions:
(a) τ 35,〈u1,v1〉s := 0, τ 33,〈v1,u3〉s := 0, τ 33,〈v3,u2〉s := 0,
(b) τ 35,〈w1,v1〉s := 0, τ 33,〈v4,w2〉s := 0, τ 33,〈v1,w3〉s := 0.
Then dim S(QDCT ) = 33, and the set M of the following domain points is a minimal determining set for S(QDCT ):
(1) all the domain points in DTi2 (vi), i = 1, 2, 3, 4,
(2) ξ Ti221, ξ
Ti
212, ξ
Ti
122, i = 1, 2, 3.
Proof. According to Lemma 2, it is easy to prove thatM is a determining set for S(QDCT ); hence dim S(QDCT ) ≤ |M| = 33.
Moreover, because dim S(QDCT ) ≥ dim S2,35 (QDCT ) − 6 = 33, we can conclude thatM is a minimal determining set; see
Fig. 4. This completes the proof. 
Our next lemma concerns the casewhere two adjacent edges lie on ∂Ω; we suppose that e1 := 〈v1, v2〉 and e2 := 〈v1, v4〉
are the edges on ∂Ω . We consider the triangulation Q DCT gained through only refining T by the double Clough–Tocher
refinement, wherew4 is the barycenter of T ,wi (i = 1, 2, 3) are respectively the barycenters of three sub-triangles in T ; see
Fig. 5. Let T1 := 〈w1, v1, v3〉, T2 := 〈w2, v3, v4〉, T3 := 〈w3, v4, v1〉, and define a space
S2,35 (Q DCT ) := {s ∈ S25(Q DCT ) : s is C3 across all edges attached tow4}.
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Fig. 6. AMDSM for S(Q DCT ) in Lemma 7, where domain points inM are marked with black dots, and the special smoothness conditions are marked with
arrowheads.
Lemma 6. Let S(Q DCT ) be the subspace S
2,3
5 (Q DCT ) determined by the following additional smoothness conditions:
(a) τ 35,〈w1,v1〉s := 0,
(b) τ 33,〈v4,w2〉s := 0, τ 33,〈v1,w3〉s := 0.
Then dim S(4Q ) = 30, and the set M of the following domain points is a minimal determining set for S(Q DCT ):
(1) all the domain points in DT and DT32 (v4),
(2) ξ T2221, ξ
T2
212, ξ
T2
122.
Proof. According to the C2 smoothness conditions and Lemma 2, it is easy to prove thatM is a determining set for S(Q DCT );
thus dim S(Q DCT ) ≤ |M| = 30. Now we consider the space S2,35 (Q DCT ). According to Theorem 8.1 in [7] and Lemma 1, we
can easily prove that dim S2,35 (Q DCT ) = 33.Moreover, because dim S(Q DCT ) ≥ dim S2,35 (Q DCT ) − 3 = 30, we can conclude
thatM is a minimal determining set. The proof is completed. 
Our final lemma deals with the case where two nonadjacent edges of Q lie on ∂Ω; we suppose that e1 := 〈v1, v4〉 and
e2 := 〈v2, v3〉 are the edges on ∂Ω . The definitions ofwi (i = 1, 2, 3, 4) and Ti (i = 1, 2, 3) are the same as those in Lemma 6.
Lemma 7. Let S(Q DCT ) be the subspace of S
2,3
5 (Q DCT ) determined by the following additional smoothness conditions:
(a) τ 35,〈w1,v1〉s := 0,
(b) τ 33,〈v4,w2〉s := 0, τ 33,〈v1,w3〉s := 0.
Then dim S(Q DCT ) = 30, and the set M of the following domain points is a minimal determining set for S(Q DCT ):
(1) all the domain points in DT \ DT2(v3), DT22 (v3) and DT32 (v4),
(2) ξ T2221, ξ
T2
212, ξ
T2
122.
Proof. The proof of this lemma is similar to the proof of Lemma 6. (See Fig. 6.) 
4. A Lagrange interpolation pair
Algorithm 1 ([4]). Start with any black and white coloring of4.
(1) Repeat until every triangle of4 has at most one neighbor of the same color:
(a) Choose a triangle T with at least two neighbors of the same color.
(b) Switch the color of T .
(2) Switch the color of every white triangle which has a white neighbor and two edges on the boundary.
It is easy to see that the number of edges shared by two triangles with the same color decreases either by 3 or 1 at each
step, so the algorithm will terminate after some steps.
Algorithm 2. Let4 be a triangulation which has been colored by Algorithm 1, and let P be the set of points obtained from
the following steps:
(1) Define all triangles to be unmarked.
(2) Repeat until no longer possible: choose an unmarked black triangle T that does not touch any marked triangle. Put the
points in DT into P , and mark T .
(3) Repeat until no longer possible: choose an unmarked black triangle T := 〈v1, v2, v3〉 that touches somemarked triangles
at only one vertex v1. Put the points in DT \ DT2(v1) into P , and mark T .
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Fig. 7. A Lagrange interpolation set P for spline space S, where domain points in P are marked with black dots.
(4) Repeat until no longer possible: choose an unmarked black triangle T := 〈v1, v2, v3〉 that touches somemarked triangles
at two vertices v1 and v2. If T is not a neighbor of a marked triangle, then choose the points in DT \
(
DT2(v1)
⋃
DT2(v2)
)
;
otherwise, choose the points in DT2(v3). In both cases, put the points chosen into P , and mark T .
(5) Repeat until no longer possible: choose an unmarked black triangle T := 〈v1, v2, v3〉 that touches somemarked triangles
at three vertices. If T is not a neighbor of a marked triangle, then choose the points in DT \ (DT2(v1)⋃DT2(v2)⋃DT2(v3)).
Otherwise, do not choose points. In both cases, we put the points chosen into P , and mark T .
(6) If any vertex of4 is not in P , then we put it into P .
It is obvious that P contains all vertices of 4. Clearly, all the vertices of black triangles are added to P in the course of
carrying out steps (1)–(5) of Algorithm 2. A vertex v is added in step (6) of Algorithm 2 if and only if it is a vertex of a white
triangle T . An example of the Lagrange interpolation set P is shown in Fig. 7.
A simple count shows that
|P | = 6|V1| + |V2| + 3|N1| + 3|N2|, (12)
where V1 is the set of all vertices of black triangles, V2 is the set of vertices which are only the vertices of white triangles,
N1 is the set of single black triangles in4, andN2 is the set of quadrilaterals consisting of two adjacent black triangles.
Algorithm 3. Given a triangulation4 ofΩ which has been colored by Algorithm 2, let4DCT be the triangulation obtained
by performing the following steps:
(1) For single white triangle T , if T has at most one edge lying on the boundary ∂Ω , we apply the double Clough–Tocher
refinement to refine it. Otherwise, we do not refine it in any way.
(2) For each pair Q of adjacent white triangles T and T , if Q has at most one edge lying on the boundary ∂Ω , we apply the
double Clough–Tocher refinement to refine T and T . Otherwise, we only refine T .
Now we define a spline space S on4DCT . First we construct the following spline space:
S2,35 (4DCT ) :=
{
s ∈ S25(4DCT ) : s is C3 across every edge attached to the barycenter of a triangle in4
}
.
Definition 1. Let S be the subspace of S2,35 (4DCT ) satisfying the following conditions:
(1) For single white triangle T in 4, if it has only one edge lying on ∂Ω , s|T satisfies three special smoothness conditions
described in Lemma 2.
(2) For each pairQ of adjacentwhite triangles T and T , s|Q satisfies special smoothness conditions described in Lemmas 4–7.
(3) For single white triangle T in 4, if it has two edges lying on the boundary ∂Ω , s satisfies τ nm,es := 0, n ≤ m ≤ 5, 0 ≤
n ≤ 4, where e is the edge shared by T and a black triangle.
(4) For each pair Q of adjacent white triangles T and T , if it has two edges lying on the boundary ∂Ω , and these two edges
touch each other, s satisfies τ nm,es := 0, n ≤ m ≤ 5, 0 ≤ n ≤ 4, where e is the edge shared by T and a black triangle.
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Lemma 8 ([5]). Let A be an arbitrary subset of the set DT , 0 ≤ d ≤ 7. Then for any {zξ }ξ∈A, there is a unique polynomial of the
form
p :=
∑
ξ∈A
cξBdξ (13)
such that
p(ξ) = zξ , ξ ∈ A. (14)
Theorem 1. P and S is a Lagrange interpolation pair on4DCT , and dim S = |P |.
Proof. For any given {zξ }ξ∈P , we claim that there is a unique spline s ∈ S such that s(ξ) = zξ , ξ ∈ P . In other words, by the
interpolation conditions, we can uniquely compute all coefficients corresponding to the domain points in4DCT . According to
Algorithm 2, we can divide all black triangles in4 into four kinds denoted by Tl (l = 0, 1, 2, 3), where T := 〈v1, v2, v3〉 ∈ Tl
means that T shares l vertices with the re-marked triangles in the course of performing Algorithm 2. First we compute the
coefficients corresponding to domain points in these kinds of triangles in order T0, T1, T2, T3.
Let T be an arbitrary triangle in T0; clearly, all the coefficients corresponding to domain points in T are uniquely defined
as the solution of system of 21 equations corresponding to interpolation points.
Now let T be an arbitrary triangle in T1; by the definition of T1, T must share exactly one vertex, say v1, with at least
one triangle in T0. Using the C2 smoothness conditions, all the coefficient corresponding to domain points in DT2(v1) can be
uniquely determined; then we can uniquely compute remaining coefficients by the interpolation conditions corresponding
to 15 points.
Next let T be an arbitrary triangle in T2; by the definition of T2, T must share exactly two vertices v1, v2 with the triangles
in T0
⋃
T1. Thus, all the coefficients corresponding to domain points in DT2(v1)
⋃
DT2(v2) can be uniquely determined. If T
has a black neighbor T where all coefficients of s|T are already determined, we can compute the coefficients corresponding
to domain points in ET2 (e) by smoothness conditions across the edge e := 〈v1, v2〉, then uniquely compute the remaining
coefficients by using interpolation conditions at the points in DT2(v3). Otherwise, we can compute the remaining coefficients
by using interpolation conditions corresponding to nine domain points.
The next step is to consider an arbitrary triangle T in T3; by the definition of T3, T must share three vertices with
the triangles in T0
⋃
T1
⋃
T2. So, the coefficients corresponding to domain points in DT2(v1)
⋃
DT2(v2)
⋃
DT2(v3) can be
uniquely computed using the C2 smoothness conditions. If T has a black neighbor T where the coefficients of s|T are
already determined, we can uniquely compute the coefficients corresponding to remaining points using the C2 smoothness
conditions. Otherwise, they can be computed using interpolation conditions corresponding to three points.
It remains to discuss the white triangles in 4. Because all the coefficients corresponding to domain points in black
triangles have already been determined, the coefficients corresponding to domain points in an arbitrary white triangle can
be uniquely computed using smoothness conditions and Lemmas 1–7.
From the discussion above, we conclude that P and S is a Lagrange interpolation pair on4DCT , and dim S = |P |.
Although not needed for computational purposes, as a theoretical tool, it is convenient to introduce the cardinal basis
functionals associated with the Lagrange interpolation pair P and S. These are the splines Bξ ∈ S determined uniquely by
Bξ (η) = δξ,η, ξ , η ∈ P . (15)
These basic functions form a local basis in the sense that for each ξ ∈ P , there exists a triangle Tξ ∈ 4 such that
supp(Bξ ) ⊆ star l(Tξ ), where Tξ is a triangle which contains the point ξ , star(T ) is the union of all triangles that intersect T
in at least one point, and star l(Tξ ) = star l−1(star(T )). 
Theorem 2. Given ξ ∈ P , then supp(Bξ ) ⊆ star5(Tξ ).
Proof. We only consider the worst case in which the support of Bξ is maximal.
Let T0 be a triangle in T0, and Tξ := T0; the equation Bξ (ξ) = 1 implies that cξ 6= 0. Let T1 be a triangle in T1, and have a
common vertex uwith T0; by the C2 smoothness conditions at u and Lemma 8, some coefficients corresponding to domain
points in T1 are possibly nonzero. Let T2 be a triangle in T2, and have a common vertex v different from uwith T1; then by the
C2 smoothness conditions and Lemma 8, some coefficients corresponding to domain points in T2 are possibly nonzero. Again
we let T3 be a triangle in T3, and have a common vertexwwith T2, wherew is not only different from v, but also not a vertex
of any triangle in T0
⋃
T1; then nonzero values can propagate into T3, or in other words, some coefficients corresponding to
domain points in T3 are possibly nonzero. By the C2 smoothness conditions, nonzero values can initiate further propagation
through a black triangle adjacent to T3 and two adjoining white triangles in 4. Combining these observations, we see that
the maximal support of Bξ is star5(Tξ ); see Fig. 8.
Fig. 8 illustrates the proof of Theorem 2, where the point ξ is marked with a white dot, while other interpolation points
involved in the propagation process are marked with black dots. 
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Fig. 8. A maximal support of Bξ .
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